This paper presents an analytical, numerical and experimental study of an asymmetric piezoelectric actuator/sensor cantilever beam. The structure consists in a three-layered laminate with a piezoceramic acting as actuator, an elastic material layer and a second piezoceramic layer that can operate as a sensor or actuator. The coupled expansion-bending motion of the system is analytically resolved, where the governing electromechanical expansion and bending motion equations are obtained. Explicitly analytic solutions for longitudinal and transverse displacements, and also the mechanical/electrical frequency response of the structure are calculated. A finite element model (FEM) is developed and used to evaluate the accuracy of the analytic model. Experimental results are used to verify the frequency response of the structure, and validate the theoretical and FEM models.
Introduction
Cantilever beam-type piezoelectric transducers have been a subject of interest in recent years as components, typically in thin-film form, that are able to adapt (actuator) and/or sensing (sensor) to varying conditions. According to their desired flexural motion and sensitivities, their most used lay-up structures have been the unimorph and bimorph ones, having one or two piezo layers, respectively.
As actuators, cantilever structures have initially received interest to replace conventional 'heavy' robot grippers by bimorph piezoelectric ones [6, 7] . Recently, unimorph cantilevers have been used to fluid-flow control [3] and also as turbulent drag reduction devices [4] . A piezo bimorph cantilever structure has been proposed by Chopra in [5] acting as an actuator to a trailing-edge flat for vibration reduction in helicopters. For sensing, piezo cantilever structures have been in the majority employed as resonant sensors. Measuring its fundamental frequency shift allows the beam to be used as a sensor to detect change in physical quantities such as mass. An AC electric voltage must be applied to the piezo and designed to excite the cantilever harmonic motions. Increasing, for example, the mass quantity will shift the resonant frequencies to lower values. Based on this principle, Jensenius et al [13] have developed a piezoresistive micromachine cantilever for sensing alcohol concentration, and Yi et al [18] have designed a cantilever sensor to detect cell concentration. Cantilever chemical sensors used as artificial noses are today another potential application of piezo cantilever structures as discussed by Sepaniak et al in [14] . Relative to applications focusing the elastic material layer, bimorph cantilever structures have found use in the mechanical characterization of new elastic materials [16] and also in the problem of structures diagnostics [15] .
A significant number of works have thus focused on the electromechanics of symmetric and bimorph piezo cantilever structures, which include the studies of Smiths et al [8] [9] [10] and Rogacheva et al [11] . Relatively fewer studies, however, have been performed on the electromechanical responses of asymmetric and bimorph transducers, with both actuator and sensor operating piezo layers. Recently, Ha [12] developed a theoretical framework based on the variational principle to study the electromechanical responses of asymmetric and bimorph piezoelectric actuators and sensors when subjected to general distributed loads. Also, Chang and Chou [17] calculated the electromechanical characteristics of an asymmetric piezoelectric/elastic laminated actuator. However, due to the asymmetric structure, they have solved analytically the problem separating the motion of the beam into a 'quasi-axial' expansion and a 'quasibending' motion depending on frequency exciting magnitude. Our objective in this work is thus to resolve the coupled motion, where the governing electromechanical expansion and bending motion equations are explicitly obtained. We also expand their analysis accounting for bimorph cantilevers undergoing both asymmetric actuation and sensing characteristics. A theoretical, numerical and experimental framework is presented to enable a proper understanding of the electromechanical behaviour of these structures.
The cantilever considered in this work consists in a three-layered laminate of piezoceramic acting as actuator, elastic material made of aluminium and a second piezoceramic operating as sensor. The structure is modelled using the linear piezoelectric theory [2] . Analytical results are evaluated numerically for the two piezoceramic composite layers joined to the aluminium plate vibrating in air. Solution for the longitudinal and transverse displacements, for the induced voltage at the lower piezo layer, and the frequency response of the structure are calculated. A finite element model is developed for the asymmetric beam, which has been used to evaluate the accuracy of the analytical model.
Experimental tests were carried out in a piezo-elasticpiezo structure from Piezo System, clamped on one side. Results were obtained to verify the electrical frequency response of the structure, being the analytical and finite element modelling results compared with the experimental data with success.
Problem formulation
Figure 1(a) shows in a schematic sketch the piezo-elasticpiezo laminate cantilever considered in our analysis. Layers 1 and 2 are made of piezoceramic material with thickness h 1 , having opposite polarizations P in the thickness direction and fixed in an elastic material, which composes layer 3 having thickness set to 2h 0 . The cantilever has length L and width b. In this study, no significant loads have been considered to be imposed at the cantilever in the x 3 -and x 2 -directions.
Our problem is formulated based on the mechanical assumption that material strains are small enough that they remain in the material elastic region, and on the electrical assumption that there is no hysteresis effects. We can thus begin with a general statement that strains at each layer i are functions of x 1 , x 2 , and x 3 coordinates: 12, 13, 22, 23, 33 . (1) Using now the facts that each layer thickness is very thin and displacements are symmetrically distributed in relation to the midplane located at x 2 = 0, material strains can be approximated for each layer i by linearizing them around each layer middle point (x 1 , x i 3o ) to give
where
). The assumed strains relation (2) can be interpreted as being composed of two contributions: an axial strain component plus a bending strain component.
Due to each layer being very thin in the x 3 -direction and for small beam deflections, the second term on the right-hand side of equation (2) Stresses are considered to be distributed asymmetrically in relation to the x 3 -and x 1 -directions since only the upper piezo is excited. Hence, the second term on the right-hand side of equation (2) for strain component S i 11 remains. Neglecting bottleneck effects, stresses relative to the x 2 -direction can be considered uniformly distributed. With this assumption and taking into account the very thin layers case, the second term on the right-hand side of equation (2) 
A local cross-sectional view of the cantilever, subject to a hypothetical deflection, is shown in figure 1(b) , where u 1 and u 3 denote the material displacements in the x 1 -and x 3 -directions. For small bending of the structure, its angle of deflection relative to the x 1 -direction can be considered equal to that relative to the x 3 -direction:
Deriving (9) with respect to x 1 , the following relation also remains for each layer i
Taking into account the very thin thickness of our cantilever, the axial strain component S i 11a can be considered equal through the three layers and denoted as
Based on this assumption and employing approximation (10), we can rewrite equation (3) as
Stresses T 33 and T 22 can be considered of the order of any loading forces possibly imposed in the x 3 -and x 2 -directions. Since in our structure we are not considering significant loading forces in these directions, stresses T 33 and T 22 can be disregarded, T 33 = T 22 = 0. Because the structure width is small compared with the length, shear stresses T 12 and T 21 can also be neglected from our formulation.
Concerning shear stresses T 32 and T 23 , these are not considered zero due to the structure asymmetry in the x 2 -x 3 plane. However, their change relative to the x 2 -direction is approximated to be zero, ∂T 32,23 /∂x 2 = 0, since T 32 and T 23 will depend only on the x 1 -coordinate which can be seen from approximative strain solution (6) .
Based on previous assumptions and neglecting any volumic forces, equations of motion for the cantilever become defined by
Materials constitutive laws
The mechanical constitutive relations between the components of stress and strain depend on material properties. For isotropic elastic materials, the strain-stress tensor relation is given by
where s E is the compliance matrix of the elastic material. From our previous approximations for stress components, strainstress relations of the elastic material become reduced to
where G 13 = G 23 is the material shear modulus, ν the Poisson's ratio, and s 11 = s 22 = s 33 = 1/E being E the modulus of elasticity (Young modulus) of the elastic material. In piezoceramic materials an electromechanical coupling term is present in (15) , being its mechanical constitutive relation written as
where terms d and E denote, respectively, the piezoelectric constant matrix and the matrix of applied electric field components. From our approximations, stresses T 12 and T 21 have been neglected, and T 22 and T 33 are null. The piezo mechanical constitutive relation becomes then represented by equations (21)- (26):
It is not possible to differentiate between electrical and mechanical forces in piezoelectric materials. We refer to the total stress in the piezo as T, the electrical constitutive law relating D and E is
where D is the electric displacement matrix and ε is the piezoelectric permittivity matrix. Using the same approximations as for the piezo mechanical relations, and since the piezoceramic used in our cantilever is a PSI-5A type whose piezoelectric matrix d has parameters 25 , and d 26 with null values, the piezo electrical relations become reduced to:
Boundary conditions
We wish in this section to establish the mechanical and electrical boundary conditions in our device shown in figure 1.
Mechanical.
Because there is no transverse motion of the beam at x 1 = 0, the first two boundary conditions are
Also, there is no longitudinal material motion at x 1 = 0 which results in
The total axial force F 11 applied at the beam at x 1 = L is zero. Hence, integrating the axial stress T 11 along the threelayer structure at x 1 = L gives a fourth boundary condition
Another stress boundary condition arises from the transverse force equilibrium at the beam in x 1 = L. Since there are no considered transverse forces acting at this boundary, we can write the condition that at x 1 = L the total transverse force caused by shear stress T 13 is also zero,
Because there are no significant loading stresses acting in the beam structure in the x 3 -direction, another boundary condition is 
Electrical.
Using the fact that the x 3 -dimension is much small than the x 1 -and x 2 -dimensions, this allows neglecting any border effects on the electric field through the piezos. For the particular situation of our device, the electrical boundary conditions are related to the values of the electric potential ψ applied, being
Imposing the condition of electric charge conservation at the cantilever in Maxwell's equation (38), divergence of (38) reduces to (39)
On the upper plate, equation (39) must reflect the effect of the electrical input shown in figure 1. The total electric charge supplied by the voltage source can be computed using (40). The electric displacement equation ∇ · D = ρ e is integrated over the upper surface indicated in figure 2 and chosen to include the upper electric terminal,
On the lower plate, however, the open-circuit condition imposes that ∇ · J = 0 and that the charge at the lower electric terminal must remain zero, Q = 0. Since integration of ∇ · D through the lower surface indicated in figure 2 must be zero and D is considered uniform in the x 3 -direction, having a null value out of the cantilever, it can be concluded that the electric displacement value inside the piezo in layer 2 must be zero:
Sinusoidal steady-state solution
Approximate equations of motion for our beam structure were established in section 1 by relations (12)- (14) . We are now interested in the transverse and longitudinal beam displacements at plane x 1 -x 3 considering the set of mechanical and electrical boundary conditions. To find the beam frequency response, it is set into vibration by a sinusoidal voltage V (t) applied to the piezo at layer 1:
Because the drive assumes a sinusoidal form and the material has been considered as operating in the linear region, we shall guess material displacement solutions as
Substituting the sinusoidal solutions (44) in the equations of motion (12)- (14) and eliminating the time terms, results in
−ρω
whereT i j is the stress amplitude and ρ the mass density. Following a set of approximations, we have assumed solutions to strains with the form explicit by equations (3)- (8) . From these equations and since we are considering linear elastic materials (see (15) and (20)), the stress amplitude in each layer i will follow a similar form aŝ
The longitudinal stresses in the elastic material layer (i = 3) and in the piezos at layers i = 1, 2 become represented by equation (49), where the materials modulus of elasticity E i and the transversal componentÊ i 33 of the electric field are given by relation (50):
in the cantilever's longitudinal stress solution (48) must be determined for each layer and take into account each material constitutive law (49). Terms S and γ in (49) can be determined using those functions and thus calculating the axial and transverse displacements through the cantilever.
Based on our previous assumption that stresses in the x 2 -direction are symmetric and the present case of very thickness layers, one can try to reduce the modelling problem to only the x 1 -coordinate by integrating the longitudinal stresses in the x 2 -and x 3 -directions.
Using (48) in (49) and integrating through each piezo layer
Resolving (51) and considering the electrical condition of null electric charge holding inside the piezos (∇ · D = 0), the longitudinal stress for each piezo results in:
.
Transverse displacement equation
In this section, the transverse displacement equation for our device is derived using the results obtained in the previous section and the boundary conditions previously specified. We begin by calculating the bending moment along the cantilever. In this case, both sides of equation (45) are first multiplied by x i 3 and integrated along the x 2 -and x 3 -directions. Notice that due to our device dimensions and geometry (the cantilever's length being bigger than its thickness, very thin layers and symmetry concerning the x 2 -direction), it is possible to average the motion equation along the x 2 -and x 3 -directions, with our model only depending on the x 1 -coordinate. Therefore, integrating along the x 2 -and x 3 -directions we obtain:
where the axial displacement u i 1 has been substituted by its linear approximation. The first term in the left-hand side of (53) corresponds to the mean bending moment per unit length dĜ/dx 1 along the cantilever. The second term can be expanded and expressed as l1+l2+l3
h1+h0 −h1−h0 vanishes since T 13 is null at the cantilever horizontal boundaries. The second term in the righthand side of (54) is the transverse forceF 13 along the structure.
Performing the integration of the right term in equation (53) yields the expression (55), where ρ p is the piezoelectric mass density value and ρ m the mass density value of the mid-layer elastic material 1 :
An equivalent mass density value ρ 3 can be defined from (55) as
Using the results from (54) and (55), expression (53) can be rewritten in a more concise way:
Deriving (57) with respect to x 1 results in:
The value of dF 13 /dx 1 in (58) can be obtained integrating the motion equation (47) as dF 13 dx 1 = l1+l2 +l3
which results in equation (60):
The bending momentĜ is determined by first multiplying the longitudinal stressesT 
Rewriting (61) in a more compact form, we obtain equation (62) where the bending momentĜ can be interpreted as being the result of three strain components: that related with the exciting voltageV , a strain component due to the structure curvature (10), plus an axial strain component contribution S a : 1 The piezoelectric material in layer 1 and layer 2 is the same.
Terms m 2 , m 3 and n 2 are given by
Substituting dF 13 /dx 1 given by (60) andĜ from (62) in (58), and remembering that φ = dû 3 /dx 1 , S a = dû 1a /dx 1 , and γ = d (67) In (67),û 1a needs to be determined to obtain the value of the term d 
The first left-hand term in (68) corresponds to the mean axial force per unit length along the cantilever, or dF 11 /dx 1 .
The second left-hand term l1+l2+l3 
The longitudinal forceF 11 in (69) is calculated integrating the axial stressesT i 11 along the three layers (i = 1, 2, 3):
This equation can be rewritten in a compact form expressed bŷ
Deriving (72) in relation to x 1 and substituting the result in (69), the equation for the axial displacementû 1a is determined as: d 2û 1a
Equation (75) can be solved using the boundary conditions expressed in (76), giving the solution forû 1a shown in (77): 
Solving the differential equation results in a solution to the cantilever's transverse displacement written aŝ
Constants C 1 , C 2 , C 3 and C 4 in (80) are calculated using the boundary conditionŝ 
Longitudinal displacement
From the longitudinal strain solution (11), the sinusoidal steady-state amplitudes of the longitudinal displacements at each layer can be written aŝ
Substituting in (84) the value ofû 1a from (77) and calculating dû3 dx1
, the longitudinal displacement equation stays as:
Sensor interface
The piezoelectric material in layer 2 operates as a generator.
Since its main polarization is in the x 3 -direction, an electric potential ψ is induced in this direction (86) by the longitudinal strainŜ 
The value ofD 2 33 is considered uniform along the x 1 -and x 2 -directions. With this assumption and from the opencircuit electrical boundary condition,D 2 33 is zero. Applying this condition, the electric potentialψ at the piezo is obtained by substituting equation (88) in (86) to result in
Substituting the value ofŜ 2 11 in (89), the induced potential ψ at the piezo terminals yields: Using the results from (77) and (80) in equation (91), verifying that the values taken by terms αx 1 in (77) and (80) are very small (αx 1 ≈ 0), and expanding the exponential terms as e K x1 ≈ 1+αx 1 where K = K 1 , K 2 , the open-circuit voltage at x 3 = −h 0 − h 1 can be written aŝ
Model validation

Finite element modelling
The geometry of the three-layer cantilever has been shown in figure 1 . Its dimensions are length L = 50 mm, width b = 31.8 mm, each piezoceramic thickness h 1 = 0.19 mm, and the aluminium layer thickness 2h 0 = 0.13 mm. The FEM model developed is the first predictive model for the active structure design, being also used for verifying the validity of the theoretical model. The piezo-elastic-piezo cantilever uses ANSYS coupledfield finite elements to characterize its 3D behaviour. The cantilever is subjected to a net tension at the piezoelectric in layer 1, excited by a sinusoidal voltageV e jωt . The 3D electromechanical equations representing the piezoelectric material, which are in the form of manufacturer's data, are equations (93) for the mechanical part and (94) for the electric one indicated with respective matrixes dimension:
The ANSYS program requires, however, another representation of the piezoelectric constitutive equations, being (93) rewritten with stress T function of strain S as
where (s E ) −1 is the stiffness matrix. Electrical equation (94) is also rewritten substituting the result (96) to give:
Both piezoceramics are of PZT-5A type. Their mechanical parameters are the Young modulus equal to E 1 = E 2 = 6.2 × 10 10 N m −2 and E 3 = 4.9 × 10 10 N m −2 , and the Poisson constant being ν = 3.1 × 10 −1 . The piezoelectric constant matrix d is usually supplied by manufacturers in its compacted notation (101) following IEEE standards [1] listed in (102). The piezoelectric matrix for the PZT-5A is given by (103) 3 . 
The elastic material in layer 3 of the cantilever, aluminum, is considered isotropic and its mechanical parameters are: mass density ρ m = 7800 kg m −3 , Young modulus E = 7.310 × 10 10 N m −2 , and the Poisson coefficient equal to ν m = 3.0 × 10 −1 .
The 3D model construction in ANSYS has been implemented using its APDL language consisting in a series of commands to be interpreted by ANSYS and thus build, simulate and analyse the finite elements model. 
Numerical evaluation
The cantilever vibrates driven by a potentialV e jωt imposed at the piezoceramic in layer 1. For this analysis, the voltage amplitude has been initially set toV = 15 V. The frequency response of the structure was determined using the analytical and 3D-FEM models. Near the clamped zone, bottleneck effects become responsible for the error values since they have been taken into accounted by the 3D-FEM model but not in the analytical model. Near the cantilever tip, the errors become more significant because the bottleneck effects have an increased extension for higher voltages, thus making our previous assumption of symmetric stresses in the x 2 -direction invalid.
Experimental evaluation
The asymmetric cantilever for our experimental tests consisted in a Piezo System Inc., USA, laminated structure which was electrically isolated and clamped on one side. Figure 5 (e) shows an schematic of the experimental setup with the measurement tools used. The piezo acting as actuator is driven electrically by a voltage source of variable frequency (function generator) and with a voltage amplitude of 15 V. Since the second piezo acts as a sensor, the frequency response of the cantilever is obtained from the induced voltage measured by the digital oscilloscope. between analytical and 3D-FEM predictions. The experimental voltage values show, however, smaller magnitudes due to loss effects present in the transducer and not included in both numerical models as, for example, hysteresis losses.
Conclusion
A coupled model for an asymmetric and bimorph cantilever transducer, with both actuator and sensor operating piezo layers, has been established. The analytical model resolved the coupled motion where the governing electromechanical expansion and bending equations were obtained. The model was evaluated using a 3D-FEM numerical analysis, comparing the frequency responses of the transverse displacement and induced voltage. Using an experimental setup of the cantilever beam, the analytical and FEM models were verified for correctly predicting the voltage induced at the piezo for a given driving voltage as well as the frequency response of the cantilever around the first resonance. It is expected that the model presented in this paper can be easily extended to other beam configurations as, for example, the beam clamped on two sides, both piezoceramics acting as actuators, more than three layers, and also in the design optimization of mass and temperature transducers.
